
Heckeoperators For congruence subgroups To (q) and X mod 9 lo

Def For Rel, DE Gree positio
- determinant

he define the slash operator on functions f : 8-> 4 by

f(y(z) = (de+ A)k/2jy(z)
- k
-(Az)

where we recall that ja(z) = (cz + d) for A = (a< G)
Exercise JAB(z) = jj(bz)ji(z7-

f(x(z) = (f(x)(B
R

flap = (a) fix (aEIR)

#HockeoperatorsIn T= SLz(E) modular group

For nEX > 1) define
the set

G = + = S(z(z)

En = &(a) : ad - bc = n 3
T acts on On on both sides , and we can look at the right or

-

left cosets
.

Remark
-

Lemma Dn = [(89) : ad = mcmod 3 1nl = Ed
din

is a complete set bright oset representatives only positive divisors

& because of 1)
& En modulo Tie On= UTP

&EXn

#
q

=(E .

FN, Va + Ec = 0
,

and (5,
8) = 1

=- + = (**) Tq
= (* ) = (4) n

with d > o

in

(i) =g = (b)(4) = (aDo b'd
Division Algo

ig = Inc 9 Xn = g = P
-

gt Tgn
Divide b by d

Theosets Tg are disjoint since

n

2B

↓)=)=0
c.

and B = 0 (since O < b'<d)
#



#out this would work similarly for left resets
,

and for any 20

P Duy TE T
, Fp' to pE

= tip' (Junique)

Also, fora fixed I ,
as

p range over An
,

so oboesp
with

(% ((88) = (i)(2)
=> (atrb) = (b +

dc)
Since (C'sw) = 1 (determinant is 1)

, we get

a = (a)
, v'a) = ((a + ub

, rd)
=> 21 = Ga + eb

asd'
, a,
8

-
are
uniquely-

Ca+ ub
, rd)

& W

=ebo determined.
and ald'

= n = d

=bat
Now we have to show thatand alexist and one unique.
Since det )= is I mad In

=> G' = (d') "mod Isl
Since od = w'b' + 6'd

=> w'b' = Ed modd' = b'
= r'- Ed modd'

and thenif O < b' < d') then b' is uniquely determined
and then also 6/ Sinc

G'd'
= Gd - r'b



+-many function (itwill be a Dirichlet character 3.

at some point).

# for geGLe(z) , x (g) = =(a)
, g

=

(a)
& The operatorTn : Sf : 8+ 43-> 55 : 8 + 43

is given by
Th(f) = n

*-

&Ecp5lp
PEAn

= n-E X(a)nk2
-

2[c
notation ad = n 0x b < d
has to

ob with cusps. =Exa& ob < d

+ To [I(Y) : n = 23
3

and Mr(to ,
X) = 35 : 2 ->dum

= (f : f + 4 : f(z+ 1) = f(z)]

Th Th : Mes (Too , X)-> Mp(Too >
X)-

# Xp e An & Te Too
, 70#ept =to

=

(85)(ii) = (oY)(89) (b) = b+ au - dr)

Then -(pt = f( +01
= ((y)p) = (de+ (+(ym/j+(2) -(tz))

,

= x(t] -10 /

P

Then

Tn())
=

= (n - [[() - (p])-
PEAn

X(p)X(t)
= ne- [[(p)f(p = n- [[(p) -)

+pPfAn PEAn
= x(p)X(t) E-1 -

U &x(p)X(t)f) ,=> ((p)x(t) -i O& Pe An
= X(p)(x(t)
(mult by conjugate

=

n[ex(t) fl = X(t)Tn().
and commute ?
=



Theactionthedeck operator on f(z)=(m)e(mz) 4:

Emp (f) (z)z ancm) ect

where an <me = [X(d)d*
+ a()

d((m
, n)

↓mortmn)= 1,m = almn).so an(m)(n).

# [nf)(z)=acmXam
bmodd

-

=amxaead = n

JM =l do

=[acedX(a)De (1)
↳

k- 1

=aced)x()a eCalz

= [ & aced)Xca) ate(mz)I
m=

0)ad = n

al = m

= [a] emI (m> n)

Er Forn21
,

an (o) = [X(d)dt+ a(O)

d 12

=-
(n

,
X)alo

Thenow assume that isTempletelymotiphicative
= X(a

, am) = X(a,
>X(ar)

Mm For any myn > 1 , TmTn = [X(d)dk-Th
d/(m

, n)



prof By def & Tm
>

Sa

mninTm = [x(aaelacZ (8) (92b) Sjte
ad = m b

, (d- Operator]
↓

azdz =

n ba (d) = jaaz abztba
Use 8 = (a

,, dz]

a =&d= (a, )d2) = 1

=Ex(0 aine) [(aian)
* &(Japan , ben]

& I mr ad ,
= m/b b

,
(d,)

caisd) = 1 'Sazd = m/ ba (Gdz

=[X() o [19 ,92
* [ar pide

(a,, dz) = 1
a, k = m/ b

, (d, D61mn

92dz = M/G be (Gde)

G (a ,'bz + b
,
d2)

- flop=Recall
and b = a

, be + bid

some anget vid

Now as b
, runs ter the values mod d,

Da- Gdz

b = abet bide runs over the values mod dide
,

and each

value is obtained 6 times , so wo have

mnTmTn = [x(8) gett E laguTh & (992de
8)mi a ,

d
,
= m/g b(d

, de)(a , yd2)= azde = n/g

Put a = a
, 92

,
d = d

, de . = ad = n/jz
conversly for each factorisation ad=, 7 unipe
factorisations a = a

, 92,
d= did with (ad2) = 1,

9 d = m/G >azdz
= 4/8

,



given by al

=m and= To see Ga

muTmin = [x(k+

[E(Y)
G/(m

,m)

ad-bod
-

= [4188+

T
T

8)(m
>n)

for Tm Tn = In Tm (since the expression for TmTr
is symmetric in m & n)

Exercise
(Fancy Moebius inversiona

= 24(d)dk-1T /

d) (m
,n)

=> Tmn = [M(d)X(d)(k+ TmT
d/ (mmn)

Then D Then = ThTm van (min) = 1 multiplicativity

& Tpx+ 1 = TpuTp - x() pRy Tpu-1
m = pr, n = p = (m, x) = p

③ (Exercise)

TX = (1 - TpX - x(pp+ xz)

with X =p,
this gives



Tpp -S
= x1 - Tpp-s

- x(p)pk- p
-2)

#teckeoperators forESLe(2)

Er Th(f) =

n
-
[f(p = n - 1[alp

PtXn ft+En

and flep = flo for + -T & ftMali) so re ca
Y

use any

The Tn : Mr(r)-> Mp(r)
rpresentative

Tn : Sg(r) -> Sa(M

#of Let -E Ma(N and E T. Then

(nf) (
+

= n*+ [fp = ne[ flep
PEAn P'EXn

and flt = - since fMe(T)

Then
(Tnf) (c = Th (f) · forf

T
For cusp forms

,
re saw that an (0) = On - (n) a (0)

so if aCo) =D -for In (f)then an (0) =0

Th (Hocke) Inthe space SG(T) of cusp forms for the

modula goop , J an outhonormal basis which consists
-

& eigen functions for all the Headeoperators Tn .

we will use (withoutproof
S

see Iwanica Chapter2-3)

D Sp(T) is generated by thePoincare see



Pm(z) = [iz (z)
*

e(m[z)
,

my 1
8.

TETooT

reat one the representatives forXt ?
For any (Cd) = 22 st (c, d) = 1

,
7asbatad- bu = 1

44
= (a) ET

.

Too8

Als)(5) = 1)* ) ,

and the representatives one 2)9}de
(c

, d) = 1

whereandcre fixed by c & &
.

(Gd) & not- (d)

# Po(z) = [Jecz)-*=[Fak = Ep(z)
TETo (cd)=

(
, d) 22

Since En(z)
=e

Em(z72S(k)=
= go Eaykn = 1

((d)= n

=

[tayk = Getzi
(ad)ez2

(Gd)+ 10,03

②TheWilbertspaceforms



variantmeasure on
I

Prop Let 11 Ye and f:4 -> I be a conti us fct and
-

E GL2t(IR). Ther

SF(z)= fluz)
U ze5'(u)

Proof
- compote the Jacobian with the CauchyRieman EqS .

#rop Let f
- g & Ma (T)

.

Then F(z) = f(z) gies (Imz)k
is5 invariant

, i F(uz) = F(z)
·

Furthermore
,

itForgeSa(t), then F(z) is bonded

# f((z) = (cz+d)k f(z)

-+z) =z + d(k(z)
= F(yz)= F(z)

k b
Im(z)=24 I

Since Tis Finvariant
, it suffices to show it is bounded on AS

or that F(a) is bounded as z-+00or Fig is bounded asa +o

f(q)= a(n)e(nz) = e2πiX-

2πyae(
- -

and (f(z)g(z) y
*

/ > e-any yta barded as y -> 0

Def let f
, g = Se (5) .

The Petersson Inner product is defined by
(f

,g) = J f(z)z)ye
18



InnerProduct < f(g) = 557
-

(af + a2fz
, 97 = a

,
4 fig) + az(fz)9)

<f
,
f > > o unless - = -

Here < f
, +) = 9 (f(z)/y = 1 + 1

+Be

Thm (Iwaniec 93 .3) If FEMg(t) ,
then

-

<> Pm)=-
9(m)

S
where f(z) = [ach)e(nz)

(as resar)

& Sinf > Pm>= an(m) = a

↳nf)(z)=an en

Them Fork 2
,App and n21

,
rehave

TnPm = [(4/4)- P
d1(m

, n >

prop [Tn Pm](z) = n
*
-[ [ j+ (z)be(m(z)
-EtoTpEn P

= nE-

2 & i
+
(z)

-

be(mtpz)
[EtoT PEEn
-

->
ge

LetIt be a set of coset reps for
to
+

6-Erie An



Then HG is a seb S cosetrepresentatives for Too) En
,

but also GH. (intertwinig) .

The
In Pm(z) = n

*

[ [(pt(z
*

e(mp + z)

PE
n

TEH

= nk-&22 2 j+ (z)-te(mad = u bmdd
Te

ancpt =

(8)(ii) = (a)
Iyp +

(z) =

d(cz + d)

and again [e(b) =
d

bmodd [·a se
so we get

ad = n

-

[blm

we can use this form = 0. This give

Tn Er = [( - 1

Ex =

0x-
(h) ER

bln

I ER is an eigenfunction forall the Heck operators

with
eigen values

of (h) [which are the Fourierefficients)



for m TnPm = n
&+

TmPm repryed-

Similarly
, Using TCR- 1) (4m)

R-
< Thfc Pm] = an <m2 Famer

we Set :

(x- I

Prop m <Tnf
> Pro) = n

&+

< Tmf , Pr

ImThe Hacke operators In acting on the space of cusp forms

for the modula goop areself-adjoint Ie

[Thf
, g) = (f) Tng) Ff, geSmit

proof Since Sp(T) is spanned by the Poincare series and properties
-

& the inner product , it suffices to show that for the Poincone

series
. By the above

,

STnPm
>
Pe7 = <Tn PeyPmY=msTnPeL

= < Pm
, Tn Pe) since the

FC & Poincare

series an read
Them (from Linea algebra

Let s be a Sinite dimensional Hilbertspace over ( (Sp(T)
and T be a family of commuting -normal operators
T: S -s (the Kecke operatorsin) T commuteThen 7 a Ethonormal basis (wir to with the

Faswich Reterson adjoint T*

Inner and here T = T *

consists of common
Product)

eigen fonctions for all the leake operators Tn
EFf ES

, Th(f) = af (n) f

< -
eigenfunction

eigenvalues



Proof Let F= Ef: Six
beau

outhonormal basis & S.

Then Tf: =

[Xij (T) f) for some Xij(T) & K.

Then
,

T corresponds to the matrix NCT) = (X, j (T))

and X(T) is armalmatrix : it commotes with its

adjoint .
Furthermore the matrices commute.

The 7 a unitary matrix UEMv(() & UT

is diagonal for every TE↑ :z
g

↑(fi) = aifi for all -E F
.

#m(Hecke) In the space Sp(T) of cust form for the modular

Group, I an orthe normal basis# which consists &
eigenfunctions for all the Hecke operators.

Those are called Hecke eigenforms
-

Let feSa(t) be a Hecke eigenform i

Tn (f) = X(n) -> for n = 12> 3
....

suppose that f(z)=acm)e(mz

Then X(n)acm) = [dk -1a(
d((min)

-= 1 X(na(1) =

ach) !
=> a (17 0 if f + 0



Ex Siz (t) = ( X(z)

=> A(z) is an Hecke eigenform and

Tn X(z) = [ (n) X(z) (since [(D = 1)

(prove in Chapter 6-4 Iwaniec using Kloosterman sums).


